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Oh Abstract 
D. 

Pure de Sitter, anti de Sitter, and orthogonal gauge theories in four-dimensional Euclidean 
spacetime are studied. It is shown that, if the theory is asymptotically free and a dynamical 
CS| ■ mass is generated, then an effective geometry may be induced and a gravity theory emerges. 

^ , The asymptotic freedom and the running of the mass might account for an Inonii-Wigner 

contraction which induces a breaking of the gauge group to the Lorentz group, while the 
mass itself is responsible for the coset sector of the gauge field to be identified with the 
■ effective vierbein. Furthermore, the resulting local isometrics are Lorentzian for the anti de 

, Sitter group and Euclidean for the de Sitter and orthogonal groups. 

o 

^ . 

1 Introduction 

^ I The fact that three of the four fundamental interactions are gauge theories provides one of 

the main motivations for the construction of gauge theories of gravity [B El E]- Therefore, 
two fields are introduced, the vierbein e and the spin connection oj. Specific composite fields 
constructed from them provide the geometric properties of spacetime [H [5] . It turns out that 
the deep relation between the fields of gravity and spacetime spoils the possibility of a quantum 
description of gravity independent of the background geometry, i.e., a quantum field should not 
actually depend on parameters that also fluctuate. Moreover, even in a background dependent 
quantization, the Einstein-Hilbert action itself is not enough to ensure perturbative quantum 
stability of gravity [6l [3 [8]. 

To circumvent these problems, many other theories have been proposed, still applying the 
gauge theoretical approach, by generalizing the gauge groups and their respective actions. In 
particular, it is worth mentioning the de Sitter groups SO{m,n), with (m + n) = 5, in four- 
dimensional spacetime [HI \T0\ [TT] , need a gauge symmetry breaking; in this way the vierbein can 
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emerge. The most used method for the breaking is the Higgs mechanism, which needs an extra 
set of scalar fields, see for instance [HKIOKnilISKiaOlISKISKI?]. In these works, together 
with de Sitter groups, several groups are considered as well as different starting actions that 
encodes gravity as a limit. This last feature is the essence of the so called emergent gravities, 
see also [18i 119j and references therein. 

The present work is about de Sitter gauge theories in four-dimensional Euclidean spacetime, 
where the ideas developed in |20 t l2 H l22] are further exploited. The starting action is the massless 
pure Yang-Mills action in a four-dimensional spacetime. Thus, it is renormalizable at least to all 
orders in perturbation theory [23]. The choice of an Euclidean space is not accidental, it follows 
from the fact that any quantum field theory is actually treatable only in Euclidean spaces (even 
perturbatively, where a Wick rotation is needed for reliable quantum computations). Moreover, 
in an Euclidean manifold, space and time are indistinguishable, and thus time evolution of any 
physical system becomes, at least, unclear. On the other hand, non-Abelian gauge theories 
have two main effects. First, the theory is perturbatively asymptotically free [24:\ I25j. Second, 
dynamical mass parameters might emerge at non-perturbative level as the coupling parameter 
increases, see for instance [26l [271 1221 [Ml [30l [31] and references therein. 

Then, we use both effects to show that an induced gravity theory can emerge naturally, 
where the running parameters induce an Inonii-Wigner contraction |32] from de Sitter algebra 
to Poincare algebra. Since the Poincare group is not a symmetry of the original action, the 
symmetry is actually broken to a Lorentz type group SO {ml — l,n) and an effective gravity 
emerges. Under that approach, Newton and cosmological constants are associated with the 
mass and coupling parameters. The local isometries of the deformed spacetime depend on the 
value m, and for m = 2 this results in a Lorentz local symmetry. This last result can be 
interpreted as the rising of the equivalence principle. We also provide a formal analysis for the 
induced gravity by considering the corresponding fiber bundle theory [33 | [M l [35]. 

In this work. Section 2 is devoted to the foundations of de Sitter gauge theories in four- 
dimensional Euclidean spacetime. In Section 3 the Inonii-Wigner contraction is performed and 
the symmetry breaking is shown. The induced gravity is discussed in Section 4. The mathemat- 
ical analysis of the model is displayed in Section 5. Finally, our conclusions and final remarks 
are found in Section 6. 



2 de Sitter gauge theories in four Euclidean dimensions 

We consider a gauge theory based on the group SO{m,n) with m + n = 5 and m £ {0,1,2} 
while the spacetime is an Euclidean four-dimensional differential manifold M^. The gauge group 
is then the orthogonal group for m = 0, the de Sitter group for m = 1 and anti de Sitter for 
m = 2. Except when necessary, we shall indistinguishably call the generic group, with arbitrary 
m, by de Sitter group. The algebra of the group is given by 

yAB^ jCD^ ^ _ 1 ^^^ACjBD ^ ^BD jAC^ _ ^^AD jBC ^ ^BC jAD^-^ ^ 

where J^^ are the 10 anti-hermitian generators of the gauge group, antisymmetric in their 
indices. Caption Latin indices are chosen to run as {5, 0, 1, 2, 3}. The SO{m, n) group defines a 
five-dimensional flat space, M^'"", with invariant Killing metric given by rj^^ = diag(e,e, 1, 1, 1) 
with e = (— 1)(2-'^)' and e = {—l)"^-'^^. We stress out that this is a gauge theory, pure and 
simple, it has no relation with the spacetime dynamics. 
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The de Sitter group may be decomposed as a direct product, SO{m, n) = S0{m\ — l,n)®S{4) 
where 5(4) = SO{m,n)/ SO{m\ — l,n) is a symmetric coset space with four degrees of freedom. 
This decomposition is carried out by projecting the group space in the fifth coordinate A = 5. 
Defining then J^" = J"", where smah Latin indices run as {0, 1, 2, 3}, the algebra ([1]) decomposes 
as 



jab jcd 

where r]""^ = diag(e, 1, 1, 1) 



1 r 



^acjbd ^ ^bdjac 



^adjbc ^ ^bcjad 



J' 



ab 



f^^acjb _^bc ja^ , 



The fundamental field is the 1-form gauge connection, an algebra-valued quantity in the 
adjoint representation Y = Y^^J^^ = A°-f^J^^ + O^-Ja, whose gauge transformation is 



Y 



9 



-1 



d + Y]g, 



g G SO{m, n) 



(3) 



where, obviously, k is a dimensionless coupling parameter and d the exterior derivative. At 
infinitesimal level, we have Y i — > Y + VC, where g = exp [kC) ~ 1 + and V = d + kY is the 
full covariant derivative. This transformation decomposes as 



%-Obn 



" b'^a 



„ ^ A\ + Ba\ 

Qa ^ Qa^ j3^a ^ ^^a^Qb _ 

+ i°'Ja and D = d + kA is the covariant derivative with respect to the sector 



dA''^^ + kA''^A\ an> 



dY + kYY, which decomposes as 



kA\9''. 



where C 
SO{m\ - l,n). 

The operator defines the 2-form field strength, F 
F = [n^f^ - fe^Ob) J J' + K^Ja where Vt"^ 

To construct the most general gauge invariant action we demand: i.) Absence of mass 
parameters in the starting theory; any mass parameter must appear from dynamical effects, ii.) 
Parity symmetry in both spaces, namely the spacetime and M^'" gauge space, iii.) Locality 
and renormalizability. It turns out that the gauge invariant action fulfilling these requirements 
is the usual Yang- Mills action 



'S'ym 



lb 



(5) 



where * denotes the Hodge dual operation in spacetime. 



A few observations are in order: i.) An important feature of the present action is the absence 
of mass parameters. Usually, in de Sitter gravity [Sllinilll]) the field 6°- possesses components 6'^ 



*It might be evident for the reader that the if" sector will be identified with torsion and, in fact, this is 
the intention (c.f. Section |4]|. Nevertheless, the minus sign seems to be not correct from standard conventions. 
The explanation is that in ([1} a global minus sign appear in order to adjust our conventions of anti-hermitian 
generators. As a consequence, the last of ([2]) also appear with a different global sign and this is the relevant 
commutation relation for if . 
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that carry dimension and always appear with a mass scale factor (the cosmological constant) 
to adjust the correct UV dimension of a connection component. In the present model the 
components 0° carry UV dimension 1 and then cannot be directly associated with the coframes. 
ii.) To quantize the model, a gauge fixing is needed. From the very beginning, the action is the 
usual Yang-Mills action for a semi-simple Lie group; then, it is renormalizable, at least to all 
orders in perturbation theory, depending on the gauge choice [23]. The main difference between 
the present action and the SU{N) Yang-Mills theories lies on the fact that SO{m,n) may be 
non-compact, a property that might spoil the unitarity of the theory. We shall discuss this in 
more detail in Section 5. iii.) As a non-Abelian theory, it is asymptotically free [241 125], As a 
consequence, a non-pertubative behavior is expected at the infrared regime, which becomes more 
evident by means of an increasing of the coupling parameter k. iv.) The non-linearity of the 
theory also favors the condensation of composite operators and thus the possibility of dynamical 
mass parameters to emerge [29\ 130], On the other hand, at least one mass parameter is required 
for quantization improvements in order to fix the so called Gribov ambiguities [261 EZl EHl EI] • 



3 Inonii-Wigner contraction 

Independently of the physical mechanism, a mass scale is assumed and is denoted here by 7. 
The existence of a mass allows a rescaling of the fields. In particular, to make contact with 
gravity, we employ the rescaling 



A 



K-^A , 



(6) 



See, for instance, [9], where a similar rescaling is used. The transformations ([6]) are not acciden- 
tal. Both sectors are rescaled with in order to factor out the coupling parameter outside 
the action, a standard procedure in Yang-Mills theories [36j . On the other hand, the mass pa- 
rameter affects only the 0-sector, transforming it in a field with dimensionless components. It 
turns out that this is the unique possibility if one wishes to identify 9 with a vierbein field. If 
also A is rescaled with a mass factor, then it would never be possible to identify it with the spin 
connection. The action (l5l) is then rescaled to 



S 



1 

2^ 



n + -^K *Ka 



e7 



lb 



(7) 



where O ^ = dA°'jj-\- A^-^A^i^, K = D^" and the covariant derivative is now D = d-|-^. Moreover 
a reparameterization of the SO{m, n) generators is required due to the existence of a mass scale, 
i.e., a stereographic projection is now allowed if one identifies the mass parameter with the 
radius of the gauge manifold M^'", i.e., J"" = —K^~^P°'+K~^jx°'XhP'', where are stereographic 



coordinates in group subspace M^' It follows that 6* 
Thus, the algebra of the de Sitter group ([1]) is now given by 



jab jcd 



1 r 
2 



^acjbd ^ ^bdjac 



^acjbc ^ ^bcjad 



'2k2"^ 



(8) 
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The presence of a mass parameter has been used and we now explore the asymptotic freedom 
of the model. The fact that, at low energies, the coupling parameter k increases enforces 
that the quantity is very small for some non-perturbative scales. This property implies 

that the algebra of Eq. ^ suffers an Inonii-Wigner contraction [32] , contracting down to the 
Poincare algebra, i.e., the second commutator of ([8]) is replaced by = 0, where the 

projected generator turns out to reduce to the usual translational one J"- i — > —K'y~^P"' and 
thus 6 I — > —0°'Pa. The gauge symmetry is then dynamically deformed to the Poincare group, 
SO{m,n) — 7- ISO{m\ — l,n), for some values k in the strong coupling regime. 

The Inonii-Wigner contraction induces a symmetry breaking of the action ^ which is in- 
variant under SO{m,n) but not under ISO{m\ — l,n) because ISO{m\ — l,n) ^ SO{m,n). 
On the other hand, the group SO{m\ — l,n) is a subgroup of both groups, ISO{m\ — D 
SO{m\ — l,n) C SO{m,n). Thus, the Inonii-Wigner contraction actually implies on a sym- 
metry breaking, SO{m,n) — > SO{m\ — l,n). Under the 5*0(777,! — 1,77) gauge symmetry, the 
transformations ^ reduce to 

A\ ^ A\ + Da\, 

where Q was assumed. 



4 Induced gravity 



In [37], it was shown that a three-dimensional spacetime can be deformed in several ways by 
an SU{2) gauge theory. It turns out that this idea can be generalized to four dimensions in 
the present theory: Every configuration (A, 9) defines an effective geometry [uj, e) by means of 
a mapping from each point x S to a point X G of the deformed space. In order to 
preserve the algebraic structure already defined in M^, it is demanded that this mapping is an 
isomorphism [35J. The local gauge group SO{m\ — 1,77) defines, at each point of the mapping, 
the isometries of the tangent space Tx(M). Thus, 9 and A can be identified with the vierbein e 
and spin connection w, respectively. 



ijj 



nb 



{X)dX^^ 
el{X)dX^ 



5l5lAf{x)dx^^ , 
x)dx^ . 



In expressions (fTOl) . latin indices a, b... belong to the tangent space TxiJ 
duals, we impose the simplest mapping 

*/(X) = */(x), 



(10) 

For the Hodge 



where / is a generic p-form and * is the Hodge dual in M^. The mapping provides then 



S 



7 

4^2 



r 



16 



(11) 



fl2) 



where = da;"j, + w^^w'^f, and T" = de" — co^^e^ are the curvature and torsion, respectively. 
The action (|12p can be identified with a four-dimensional gravity, with 7^ = /2ttG, where G 
is the Newton constant. Thus, 



(13) 
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where = 7^/4 stands for the cosmological constant. 

The field equations are straightforwardly computed. For e we have 



4A2 




and for uj 



1 



ab 




(15) 



2A2 



- ee' 



. 



From the non-linear character of Eqs. ()14p and ()15p . it is evident that, even in the absence of 
matter, a non-trivial curvature and torsion can be generated. On the other hand, the simplest 
non-trivial geometry, with T° = 0, is a constant curvature solution i?"'' = 2eA'^e°e^. This 
solution establishes the effective geometry as a Riemannian one. It is widely known that, in 
the first order formalism, matter can behave as source for torsion. Thus, this solution is in 
agreement with the absence of matter fields. 

5 Geometrical aspects 

Having covered the basics of the mapping that enables an effective gravity to emerge based 
on de Sitter gauge theories, we will now briefly discuss some formal aspects of the mechanism 
previously described. 

5.1 Fiber bundles 

We will not provide a review of fiber bundle theory. For that we refer the reader to the available 
literature [3?l[38l[35]. 

de Sitter gauge theories in four Euclidean dimensions are mathematically described as a 
principal bundle [33] SO = {SO{m, n), M^) where SO{m, n) characterizes the fiber and structure 
group while is the base space identified with spacetime. It is assumed that SO is endowed 
with a connection 1-form Y , recognized as the gauge field. 

Gravity, on the other hand, can be defined as a coframe bundle [SIIIS], C = (GL(4, M), M^), 
where is a four-dimensional spacetime manifold. The structure group and fiber have a deeper 
meaning: At each point X € one can define the cotangent space T^(M). The fiber is the 
collection of all coframes e that can be defined in T^(M). These coframes are related to each 
other through the action of the general linear group. As a consequence, the fiber is actually the 
group GL(4,M). Accordingly, the coframe bundle is a gauge bundle endowed with a connection 
1-form r. Nevertheless, if we look at the fiber as the field of coframes, the coframe bundle is a 
fiber bundle associated to a tangent bundle [351 [38] • Moreover [35], the action of the structure 
group from the right are associated with local gauge transformations in (M) while the action 
from the left with general coordinate transformations for GL(4,M) C diff(4). Remarkably, the 
coframe bundle has a contractible piece GL(4, M) /S'0(4 — n, n) where 5*0(4 — n, n) is obviously 
a stability group. This means that the coframe bundle can be naturally contracted down to the 
orthogonal coframe bundle Co = {SO{A -n,n),M'^) [HI [Ml [Mll^ • 

The starting theory is a de Sitter gauge theory which was reduced by an Inonii-Wigner 
contraction to 5*0' = {SO{m\ — l,n),M'^). It immediately follows that the connection Y defined 
in SO imposes a connection A on SO' = {SO{m\ — l,n),W^), see [211 [Ml HO] ■ This result can 
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be easily proven from the stability of SO{m\ — l,n) = SO{m,n)/ K , where X is a symmetric 
coset space that defines an associated bundle Kso = {SO{m\ — l,n),U.'^, K) = SO' x K. As 
a consequence, the field ^ is a section over Kso and thus a matter field coupled to the gauge 
theory defined in SO', a fact that is evident from transformations Q. 

The induced gravity is obtained from the structures SO' , Kso and 9 that can define an 
orthogonal coframe bundle Co if and only if the base spaces M*^ and are isomorphic. The 
proof is performed by identifying the field 6 at each point x S M'^ with a coframe field e. Thus, 
the non-triviality of 9 implies a deformation of spacetime i — > in such a way that, at each 
point X G M^, the tangent space Tx(M) acquires a local isometry characterized by the gauge 
group SO{m\ — l,n). Thus, the fiber and structure group of the orthogonal coframe bundle are 
determined by the the field 6 and the gauge group, respectively. In addition, the base space M^, 
defined by the action of the vierbein on the tangent space e : Tx(M) i — > M'^, can only exist if, 
and only if, the mapping (j) : i — > is an isomorphism. Otherwise, there will be ambiguities 
between fibers on the mapping. 

5.2 Uniqueness 

It is crucial to discuss the uniqueness of the effective geometry. The first point concerns the 
mapping (llOp and establishes that for each gauge configuration {A, 9) there will be a geometric 
configuration (w,e). However, it should be emphasized that each configuration {A, 9) will con- 
tribute to the path integral to determine the final quantum action associated to the Yang-Mills 
action, for instance, as perturbative series, 

oo 

r = ^ ;i"r(") , (16) 

ra=0 

where the zeroth order coincides with the classical action including the gauge fixing term, 

rW = 5ym + Sgf . (17) 

The remnant terms of the series will be responsible for generate the mass parameter 7 or, 
eventually, the Gribov problem treatment can be considered in (I17p . Moreover, the main con- 
tribution comes from the Yang-Mills classical action ([5]) and that is what we have considered 
in the mapping of Section [H Thus, all gauge configurations and all quantum effects contribute 
to generate the effective final geometry, which is determined through the field equations (jl4p 
and (lisp . As a consequence, any solution to these equations can define a different geometry and 
then an ambiguity might arise. However, that is not the case because the final theory (jl3p is a 
classical field theory with its own dynamics, as gravity should be. Thus, these ambiguities must 
be absent. 

Another way to see the absence of ambiguities is the formal analysis developed in Section 
15.11 where the mapping 1 — > Wl^ is required to be an isomorphism. This requirement avoids 
two different fibers to overlap. As a consequence, there will be no starting configuration (A, 9) 
that generates two sets of geometry. 

Finally, we will compute explicitly the mapping I — > and show that it IS non- 
degenerate, as it should be by definition. We have considered that a p-iovm in is mapped 
into a p-form in and that their corresponding Hodge duals are identified, as illustrated by 
(jlOp and (llip . Formally, the action (I13p is achieved by a map that identifies the space of p- forms 
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in M^, namely 11^, into the space of forms in M^, 11^. In the same way, the Hodge dual space 
obeys the same map: 

UP ^ UP , 
*UP ^ ★flP , (18) 

For generality purposes, we assume a generic original metric g^u which, eventually, we can select 
as a Euclidean metric, and the effective metric is gf^,^. Moreover, we can also consider manifolds 
with an arbitrary dimension d. Clearly, a necessary extra condition is that both g = \ detg^^l 
and g = \ det g^^l are non- vanishing quantities. 

To find the explicit mapping, we apply the first of ()18|) to a generic p-form, 

U,...^.,{x)dx^' . . . dxf^- = ~f^,...^^{X)dX>^^ . . . dX^r, , (19) 
from which one easily obtain 

/m,...^,(x) = L^Vi • • • ^V/^i.-P W > (20) 
where L'^^ = ^fjr- For the corresponding Hodge dual we have, 

y/9^Hi...fj.pi/p+i...i'af^^ ^^{x)dx ''+^ . . .dx ^ = 
= V^e^^...^.pUp^,...u,F'- -^^{X)dX''^+^ . . . dX-"^ , (21) 

from which it can be found that 

jm-Mp = ( ^ ' 
with L = L^fj,. 

To compare (|20p and (|22p we multiply both sides of (j22p by the original metric tensor which 
allows to low the Ihs indices. To low an index at the rhs we extract an effective metric tensor, 

fu,...up . (23) 



^'^.= {!V'7^) (24) 



= (^IJ ^- ] r^-^- , (22) 



Combining (p3|) and (j20j) we achieve 

l/2p /^^ id-p)/p 

.a) U 

which is not valid for p = 0. In that case it easy to find that (jl8p is valid only if 

/ ~\ 1/2 / T \ d 

(9\ ' ( 
\9 

The constraint (j25p implies that 



1 . (25) 



L\ = J r'^aa, ■ (26) 



The trace L can now be calculated from (j25p or (j26p providing 

, l/2d 

L = diV 



.9. 

L = d^l\r'' 9^vf'\ (27) 
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respectively. The relations ()27p enforce the extra constraint 

\ l/2d 



{^9,.)'^' = d'" ( I ) . (28) 



As a consequence, we obtain the final expression for the transformation 

/ ~N l/2d 

L\ = r-] r'^ffcM . (29) 



We recall that the effective metric is computed from the field equations, while the original metric 
is a given quantit}!!. It turns out that the mapping (|29|) has an inverse, 

{L-y, = (I) 9-9., . (31) 
The existence of the inverse ensures the non-degeneracy of the mapping. 



6 Discussion 



We started with a standard gauge theory in a Euclidean spacetime. In that situation, the theory 
is actually renormalizable, at least through all orders in perturbation theory. As a non-Abelian 
gauge theory, it presents asymptotic freedom and the possibility of dynamical mass generation. 
Then, a proposition for quantum gravity has been made as long as it induces an effective geom- 
etry that could be interpreted as gravity. The fact that the theory possesses a mass parameter 
enabled the rescaling ([6]) that, together with asymptotic freedom, allows the deformation of the 
de Sitter algebra at low energies. This deformation actually induces a symmetry breaking for the 
Lorentz group, which finally allows the identification of the fundamental fields with geometric 
quantities (jlOp . Thus, it was formally shown that the dynamical content of a pure gauge theory 
can induce an effective geometry. 

To show that this geometry is actually a gravity theory is a mathematical exercise of fiber 
bundle theory. The formal analysis is displayed in Section [5l At each point x G it is defined, 
through (llOj) . a vierbein and spin connection, which induces a deformation of the spacetime. 
That is, the spacetime is deformed to a generic differential manifold with coordinates X. At 
X S M'^, a tangent space rx(M) is defined through its local isometries that are characterized 
by the broken gauge group SO{m\ — l,n). The actual geometry is then determined from the 
field equations (fill) and (fTSj) . 

The effective gravity theory is described by the action (I13p whose simplest nontrivial solution 
is (anti) de Sitter spacetime, depending on the values of A^ and m. The fact that the gauge 
group determines the local isometries has a remarkable consequence: For the cases m S {0, 1} 
the reduced group is 50(4) implying that the local isometries are that of an Euclidean space. 
On the other hand, for m = 2, it is the Lorentz group 5*0(1,3) that determines the local 
isometries. As a consequence of the latter case, space and time are then explicitly distinct from 

^For the present case we actually have (d = 4 and g^iu = S^iu) 

L% = ig)'^'r"5^,. (30) 
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each other. Thus, we started from a gauge theory in a space where space and time are totally 
mixed (In the sense that there is no physical effect capable of distinguish them from each other) , 
and end up with a theory where a local Minkowski metric appears naturally. This effect can 
be interpreted as the rising of the equivalence principle where gravity deforms spacetime even 
if inertial reference frames can be defined locally, i.e., a deformed spacetime which is locally 
Minkowskian flat. 



We note a recent work, by E. W. Mielke [JT], where another mechanism in deriving an 
effective gravity in four dimensions was developed. In this work, the gauge group is the SL{5,M) 
and the action is, essentially, the corresponding BF action [A2\ H3] complemented with the 
Pontrjagin density and an algebra-valued Higgs field. Besides the gauge group choice and the 
starting action, this model differs from ours also by the fundamental mechanism that makes 
gravity to emerge. In the case of [41], gravity is obtained from a Higgs mechanism, while in the 
present case it is a dynamical mechanism that generates geometry. It is not our intent to decide 
which theory is better. It is our opinion, however, that each technique has its qualities. For 
instance, Mielke's starting action is topological, and the fact that it generates gravity is really 
astounding. However, this topological action has already a mass scale which is a necessary 
condition for a Higgs mechanism to occur. The final result is a gravity theory with extra matter 
fields. In particular, the Higgs mechanism is necessary in order to break the topological character 
of the theory. Otherwise, gravity would never be generated. In our case, the starting action is 
a massless Yang-Mills action with no topological character ([5]). The dynamical content of the 
theory is that generates a possible gravity theory with extra terms, but no extra matter fields. 
The important step is that a mass parameter emerges dynamically, which makes possible the 
mapping to a gravity theory. 

One of the most important features of SU{N) gauge theories is unitarity [36], a property 
that, among other features, follows from the compact character of the gauge group. In the case 
of the present theory, unitarity is only ensured for m = 0. In that case, the resulting gravity 
theory is an SO {4) local isometric gravity. The local Euclidean character of spacetime provides 
a kind of incornplete prediction of the equivalence principle because it lacks the split between 
space and tim^. On the other hand, if we start with m = 2, the resulting theory is that of 
SO{l, 3) local isometrics. That is, the local spacetime is a Minkowski space and thus the split is 
a direct consequence that rises together with the equivalence principle. Thus, if on the one hand, 
we start with a perfect quantum theory, the resulting gravity is not exactly the desired one. On 
the other hand, by giving up unitarity, the split between space and time correctly emerges. 

The case m = is obviously the most convenient for a starting theory, and the case m = 2 is 
the desirable final theory. The technique that would connect both endings is a Wick rotation to 
an imaginary time, which has no evident physical justification. Moreover, making the rotation 
before the mapping, at quantum level, is entirely different from the rotation after the mapping. 
In the first case, the rotation is performed in the gauge group, and there is no relation with 
time. Then, the afterwards-mapped gravitational time arises with the expected sign. However, 
such rotation would spoil unitarity in quantum computations. In the second case, the rotation 
is performed directly in the time coordinate, and the problem that rises is that of dealing with 
an imaginary time. The apparent paradox can be solved if one imposes that the rotation is 
performed during the mapping M"^ i — > M"^. In that case, unitarity and quantum computations 
are consistent, while the resulting gravity theory produces a complete emergent equivalence 



*The case m — 1 provides a non-unitary theory and also a local Euclidean spacetime with no difference between 
space and time. 
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principle. Thus, the local tangent isometrics are determined by the relation SO{m\ — l,n) i — > 
50(1,3) which consists on a map from a 4-sphere into a 4-hyperbola for m E {0,1} and a 
hyperbola identity map for m = 2. 

It is also remarkable that Newton's and cosmological constants can be actually computed 
from the standard quantum field theory techniques, at least at perturbative level. In the case 
of Newton's constant, G = k^/Ittj'^, a consistent value can be obtained for the perturbative 
sector of the theory while for the cosmological constant a bound is obtained, = k^/SttG. 
Thus, if a small value for G is found, then is large and might compensate for the quantum 
field theory predictions in order to generate an effective cosmological constant consistent with 
astrophysical observations [lU HH HBJ HTJ HHJ [49l [50]. In particular, an interesting method to 
compute the renormalized cosmological constant would be that one discussed in [511 [52], where 
the renormalized cosmological constant should be a compensation between the observational and 
the quantum field theory cosmological constants, namely Aren = A-obs — Agft- However, we have 
assumed that the ratio is small at low energies, which leads to a large G. Notwithstanding, 

it is really difficult to determine the true behavior of k at non-perturbative level. If it behaves 
as the strong coupling parameter from SU{N) gauge theories [53], it follows that there will 
be a certain region that k is actually big and the Inonii-Wigner contraction can be performed. 
Beyond that scale, the coupling actually diminishes until it reaches a finite value at the origin. 
Thus, after the contraction, there is a chance that G may be small. Obviously, the mass has also 
a crucial role in the determination of G. Moreover, as a quantum gravity prototype, many scales 
are expected. That is, due to the intensity of gravitational force, it is expected that its classical 
limit is attained before Planck scale. Thus, the present behavior of gravity should be at the deep 
infrared sector of the theory. Then, a complete non-perturbative treatment may be required. 
Moreover, we emphasize the need for further studies for matching cosmological data with our 
theoretical results. We postpone to a forthcoming work the determination of the physical origin 
of 7 and the perturbative loop expansion (and perhaps a semi-perturbative treatment) in order 
to find the possible solutions for k and 7. For the time being, we can only say that the present 
theory is stable at the quantum level and can actually generate an effective gravity theory. 
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